1.

Complex Number

Roots of unity and Factorization

If 1, o o® arethe cube roots of unity, ©°=1, lhoto’ =122 -0 _g
l-0 1-o

(i) @+to-0)@-o+0)=a’-(0-0)=a"-(0°-20°+ 0
za—(0’-2+w) ,since o’=1
—d-(l+o+e’-3)=a’—(0-3)=a’+3.

(i) Q+iv-0)(l-o+ie)=[l+io+(1+0)][l-0-il+w)]
=[2+ o) +io] [(1-o)-il+w)]=[2+o)(1-e)+to(l+ )] +i[o(l - o) - 2+ ) (1+o0)]
=2-2(l+ot+e?)i=2+0i=2

(iii) (a+b) (@a+bo) (@+be’) =a’+a’h (1 +o+v’)+ab® (1 +o+ e’ +be’=a>+b’

(iv) (a+b+c)(a+bo+co’) (a+bo’+co)
=(a+b+c) [a® + b%e® + c?w’ + ab (o + ©?) + be(w? + ©”) + ca(o + ©?) ]
=(a+b+c)[a®+b*+c?+ab (o + 0’ + be(o + ) + ca(o + ©?) ]

=(@+b+c)[a®+b?+c*—ab—bc—ca]=a’+b®+c*—3abc

1- (o)’ :l—(cos)r 1-1" 0

(i) 1l+o +0*= = =
1-o 1-o -0 1-o

=0 ,where r isnotamultipleof 3.

If r isamultipleof 3, 1+ +0*=1+1+1=3.
(i) (X + oy + 0’ Z)(X +o’y +0z) = X2 +y? + 22— xy —yz—zx , study 1(iv) for the expansion.
(iii) Let f(x,y,2)=(xx-y)"+(y-2)"+(@z-x)".

f- oy —0°2,y,2) = [(- 0y - ©°2) =y] "+ (y - 2)" + [2 - (- 0y -0’2)]"

=[Co-1)y-oZ"+y-2)"+[oy +(1+o)z]

= [0’y - 0%2]"+ (y-2)" + [0y + (- 0)y]" ,since 1+ o+®’=0

=0 (y-2)"+(y-2)"+ 0" (y-2)"=(1+eo"+e0™) (y-2)" =0x(y-2)"=0

By Factor theorem (X + oy + ©°z) is a factor of f(x, y, z) .

Similarly, f(-o’y-0z,y,z)=0 and (x +o’ +oz) is a factor of (X, y, z) .

By (i), (x + oy + 0%2)(X +0%y +@z) = X* +y? + 22— xy —yz—zx and result follows.

For (x+a+bh) (X +ma+ o) (X+n’+ob)=x>-3abx +a’+b®, same as 1.(iv) where ¢ = x.
For theequation x*-px+q=0 , put p=3ab and gq=a’+b°,

wehave x*—3abx+a’+b’=0 < (x+a+b)(x+oa+w’) (X+ew’a+wb)=0

o x==(a+h), - (0a+w’), - (o’a+ wb)
It remains to write a, b intermsof pandq.
=3ab =a’+b®= 8
P s = Sum of roots a3 +E qg & a® b’ areroots of t2 —qt+-
g=a’+b Product of roots :(a Xb ): p’/27 27

1 / 4p® 1 4p®
3,b3:— + A ,b: = + A
<8 Z[q q 27 JQa 3&/Z[q q 27

Substitute (2) in (1) will give the roots of the given cubic equation.

)

=0

)



4.(a) (1+X)"=Co+CiX + X+ ... + X" o (D)

Put x=1 in (1), (1+2)" =Cy+Ci+Co+...+C, R )
Put x=o in (1), 1+ o) S HtCLO+C 0%+ ... +Co" ... 3
Put x=w’ in (1), 1+ )" =ctc ottt .. +e, 0 e (8
Adding (2), (3) and (4) and notingthat 1+ o' +®® =0, if r isnotamultiple of 3,

2"+ (1+0)"+Q+0°)"  =3(Co+cs+...) ... (5

2t . . 2% b T .. T 1 T .. T T .. T
Now, 1+m®=1+C0S— +iSIn— =2C0S—|COS—+iSIiIn— [=2| = | cOS—+1SIn— |=Cc0S— +1iSin—
3 3 3 3 3 2 3 3 3 3

1+o)'= cos%ﬂsin%c , by de Moivre’s Theorem .
Also, (1+ %" = cos ™ _jgin 1T Hence, from(5), co+cC3+... = 1 2" 4 2c0s %
3 3 3 3
(b) (o +C5+...) _ Lo 9cos T 2 L gm0 o5 4 4cos2 IE (6)
o+ Cst) = 3 S 3 3
Multiply (3) by ®?, (4) by ® and add these to (1), we get
2"+’ (1l+o)"+ol+0d)"  =3(C +ci+...) o (D)
Now, o’(l+o) = cos 2% _isin 2% | cos " 4 isin 1% :cos(n_z)nﬂsin(n_z)n
3 3 3 3 3 3
and (1+(D2)” _ cos@—isin@- From(7), Ci+Ci+.. = %(2“ +2003@)

2
and (c,+c,+..f\ = 1 2”+2cosM 1 4”+2”*2003M+4cosZM e (8)
P 9 3 9 3 3

Finally, multiply (3) by @, (4) by ®?and add these to (1), we get
+o(l+o)"+to’ (1+o’)" =3(C+cs+...) )]

Now, 03(1+c02)n: cosﬁﬂsinﬁ A L :cos(n+2)n+isin (n+2)r
3 3 3 3 3 3

Similarly, ®*(1+o)" = cos (n +32)“ isin 0 +32)’T

Hence, from (9), cy+cs+... = %(2” + ZCOSWJ
2
and (c, +Cg+...) :1[2” + 2COSM) :1[4” +2" cos (n+2)r +4cos’ (n+ Z)RJ .. (10
9 3 9 3 3
(6) +(8) + (10), (cy+Cy+..)0 +(c,+¢,+..) +(c, +C +...f
n+2
Lpy2 (cos (n—2)r +cosﬂ+cos( +2)n] (cos ﬂ+coszﬂ+cosz (n +2)nj e (12)
3 9 3 3 9 3 3 3
But COSM+ COSE'FCOSM = RE[CiSM'F cisﬂ+ cis (n hl 2)71}
3 3 3 3 3 3
= Re{cisw(u cisﬁ+cis4—n } = Re[cis (n-2)r (1+ o+ mz)} =Re(0)=0 . (12)
3 3 3 3
and cos? (n=2)r +c0s2 M 4 cos? (n+2)r = EKH cos 2( ) j (1+ COSZLJ (1 +C0S 2n+ Zhﬂ
3 3 3 2 3
_3, Re[cis 20 —2)r +cis 2 4 i 20+ 2)7:} _3, Re[cisM(H o + 0)4)} _3,0-3 .. (13)
2 3 3 3 2 3 2 2

(12), (13) ¥(12), (co+Cy+..f +(c,+c,+..f +(c, +co+..) :%4” + 2;2 (0)+£(§j :%(4” +2) .



(i)  Consider the equation f(x) = x® —4x* + 16 = (x)? = 4(x") + 16 = 0

oo AENA A8 L, e 4( 1 */_J BCls( 3) s[cosgiisin%j

2

1/4
x =|8 cosE+isin~ :\/E coanTHnJ_risin bnr + m ,wheren=0,1, 2, 3.
3 3 12 12

For each conjugate roots, by taking 6= 6nm + 7

we form factor of the form :

[x—ﬁ(coseﬂsin e)][x—ﬁ(cose—isin e)]:(x—\/gcos@)2 —(ﬁisin e)z

=x? —(2«/ECOSG)X+ZCOSZ 0+ 2sin’ 0 = x* —(Zx/acose)x+ 2 _ x2 —(Zﬁcos 6nI2+ nJX+2

x® - 4x* + 16

o S

coszl=1(1+cos£j=1 1+£ == (4+2«/_) ( 3+1)zzcos£=\/§+1
12 2 6 2 12

2 242
Similarly, cosY—nz—@, cosls—nz—ﬁ”, coslg—n=@
12 22 12 22 12 22

xB—ax*+16 = [xz—(\/§+l)x+2] [x2 +(J§—1)><+2][x2 +(x/§+1)><+2][ 2—(x/§—1)x+2]
(i) Consider the equation :  f(x) = x® + 8x% + 64 = (x°)* + 8(x*) + 64 = 0,

X = 88 —489) _ 41 443i= 8[ ; \/Z_J 8ms(+%)=8{cos{23j+|sm(2;ﬂ

2

1/3
X = Z{COS( 23 )+|sm(23 ﬂ = Z[COS(WJiiSiH(WH ,wheren=0, 1, 2.

6nm+2n  (3n+1)2n
9 9

For each conjugate roots, by taking 6= we form factor of the form :

[x —2(cos0 +isin6)][x — 2(cos 6 —isin©)]= (x — 2cos6) - (2isin6)
+4

X% +8x3+64= [xz —(4 cos%njx + 4} {xz —(4 cos%njx + 4}{ (4 cosl%njx + 4}

Consider f(x)=x*-1=0 :x:cis(z%nj n=0,1,..,8

x =1 cis J_rﬁ , Cis J_rﬂ , cis i@ , cis iB—TE .
9 9 9 9

Combining factors with conjugate roots as in No. 5, we have :

x® —1=(x —1)(x2 — ZCOSZT:X +1J[x2 ~ Zcos%x +l}(x2 - Zcos%nx +1j(x2 - ZCOS%X +1j e (D

=x? —(4cos0)x +4cos? 0 +4sin® 0 =x* —(4cosO)x + 4 = x* _(4005 (3n +l)21'c)x



M gx=x-1=0 3x=cis(2L3nJ =012 = x=1 sasZ

Combining factors with conjugate roots as in No. 5, we have :

x3—1=(x—1)[x2—2c052—;x+1) )

From (1), since x°-1=(x*-1)(x°*+x>+1) and use (2) to cancel the appropriate factors,
XP+x3+1= (xz - Zcos%nx +1][x2 - Zcos%nx +1)[x2 - ZCos%nx +1] . (3

Divide L.H.S.of (3) by x*, and each factor of R.H.S. of (3) by x, we have

x° +i3+1 (x+l—2003ﬁj(x+i—2005ﬂj[x +£—2c038—n) e (@
X X 9 X 9 X 9

(i) Put x=1 in(4),

3= 2—2cosﬁ 2— 20034_7: 2— 2c038—n =8 1—cosﬁ 1- cosﬂ 1- coss—n
9 9 9 9 9 9

2
:>§: 2sin2 L | 2sin? 221 25|n247t :i: sinﬁsinﬁsinﬂ :>sm—sm2—s nﬂzﬁ
8 9 9 64 9 9 9 9 9

9 9 8

(ili) x=cosO+isino, l_cose—lsme:x = 0530 +isin 36, L —5 =C€0s30—isin 30
X x®
1 s 1
= X+—=2¢0s0, X" +—=2c0s30
X X

From (4), 2c0s30+1= (2 cos0 — 2003%“)(2 cos0 — 2005%)(20036 - Zcos%)

2c0s30+1= 8(005 0-— cos%n][cos 0- cos%)[cos 0 —cos %n] e (B)
Replace 6 by =n+6 in(5),

2c0s3(n+0)+1= 8(cos(n +0)- cos%n][cos(n +0)- cos%)(cos(n +0)—cos %n]
—2c0s30+1= 8[— c0os 0 —cos %}(— cos0— cos%n][— c0s 0 —cos %TEJ
2c0s30-1= S(COS 0+ cos%n][cos 0+ cos %)(cos 0+ cos%n) ... (6)

(5)x(6), 64(005 0 —cos %)[cos 0 —cos 49 j(cos 0 —cos %) 4cos’30-1

Since coszs—n —cos’ L, 64 cos?0—cos®Z | cos? 60— cos? 2 21 cos® 0 — cos? 2 47 =4c0s?30 -1
9 9 9 9 9
(i)  Consider the equation x*"—1 =0, the roots are
x= (cis 0)'*" = (cis 2kn)'*" = C|522—k7r , k=0,1,...,2n-1.
n

=1-1 or cis[iﬁl, k= 1,...,n=-1.
n

X" —1=(x-1)(x +1) ﬁ{x - cis%}{x - cis(— %ﬂ



2n on
(i) < L => A By Partial fraction theorem Px) _ Pla,)

M1 Hx-oa, " Qx) GQ(a x-ay)
where Q(X) = (X— o) (X — ) ... (X —aizn)
PX)=1 = Ploy)=1. Q' () =2nx""" = Q’(a) = 2n o ™™t
If o, isarootof x*"—1=0,thenthe partial fraction corresponding to the factor x—ay s
1

T .Taking the two fractions corresponding to the conjugate values of
2na, " (x — oy )

Ol , Ol = cosk— +isin— kn together, we get the fraction :
n n

1 1 1o, x-a)+a, " (x-a,)
+ =
2no, " (x—o, ) 2na "Hx-a,) 20 o e, H(x—a ) x—a,)

2n-1 2n-1 2n-1 2n-1 2n-1 2n-1 2n-2 2n-2
_ 1 (ock +a, )x—(ocfkock +o,0 ): 1 (ak +o )><—((xk +a )

2n (x—o, Jx-a_) 2n x? — (o, +a_ X +a0,
KT on —1) k2 — 2 cos X (2n — KT on Z1) 2 —[ cos K™ (2n -
1 2(005 . (2n 1))x Z(COS . (2n 2)jx 1 [cos X (2n 1)jx (cos . (2n 2)jx
2n — 2(cosknn(2n —1)jx +1 n - 2(cosknn(2n —1)]x +1

KT o0 1) 2 —{ cos K™ (2n -
N - (cosn(Zn 1)]x (cosn(Zn 2)jx

+
x? - 2(cosknn(2n —1)jx +1

~1 2n(x-1) 2n (x+1) &

8
F2)=(z+1)%-22=0 :(z+l)8:28:>[Z—+1J :1:Z—+1:(Ci52kn)1/820i5% k=0,1,...,7
z

z
z :+ , k=1,2,...,7 (When k=0, z=1 isobviously nota root of the original equation.)
cis Tn—l

.. Therootsare (1) z= —% (when k=4) or

(2) Z:—k k=1,2,3.
cis (in]—l
4

1 1

AT ) A ) e )
L R S O S I

For corresponding factors of  (2),

(1) (2z+1) isafactorof f(z) correspondingtotheroot z= —% for the equation f(z)=0.
(2) Fromrootsin (1), we can form 3 real quadratic factors where k=1, 2, 3:
L, Lo km )T, 1 1 ke 1) [1 k) ) 1 ,kn
Z+—+—cotl —|I| z+—=——cot| — Z+— —cot| — =Z2"4+z2+—CSC"—
2 2 8 2 2 8 2 2 8 4 8

(z+1f -2 A(22+1) {z +z+icsc k?}_';‘(22+1) {42 +4z +csc? %}



9.

10.

3
By comparing coeff. of z’, we then get A= % ;oo (241 -2 = %(22 +1)kr[1{4z2 +4z +csc? %}

Put z=cos’0-1=-sin’0,z+1=cos’0, 2z+1=2(cos’0—1)+1=cos20
47%+4z=(2z +1)’-1=cos’ 20— 1, we get

3
(cos?0f —(~sin?6f = %cos 20 kHl{cos2 20 -1+ csc? %}

3
16(cos™® 6 sin' 0) = cos 20 pl{cos2 20+ cot? %}

2n+1
QL+x"™=1-x"" < X o X s 2™ here r=01,....2n.
1-x 1-x 2n+1
@?—X=cis[4_r 5 m 1) ,where r=1,...,n. (r=0 caseis rejected for non-zero root)
- X n+

cis + 2™ )1 cisl " il =™ | —cis F—" || 2igin[+_"™
2n+1 2n+1 2n+1 2n+1 2n+1 . rn
= = = =+itan (1)
2n+1

cis(i 2m j+1 cis| £ | cisl £ Jicig| 7T 2cos(4_r rm )
2n+1 2n+1 2n+1 2n+1 2n+1

When n=2, theequationis (1+x)°—(1-x)°=0 or x(x*+10x*+5)=0

For the non-zero root case, we consider the equation :  x*+ 10x* +5=0

The product of roots = coeff of constant term / coeff of x* term = 5 and from (1)

~litanZ |x itanﬁ x| —itanZ | x —itanﬁ =5 = tanzﬁxtanzﬁ=5.
5 5 5 5 5 5

2n
z+1)*+(z-1)"=0 < z+1 =—1=CiS7t©Z—+1=(CiSTc)1/2n — g T+ 2K
z-1 z-1 2n

=CisO

where k=0,1,.,(2n-1).

,_CisB+1_ cis(6/2) cis(6/2) + cis [~ (6/2)]  2cos(6/2) Lico ~icof TH2Kkm) T+ 2kn
ciso—1 cis(6/2)cis(6/2)—cis[-(6/2)] 2isin(6/2) t/2) t( ] t[ ]

which is purely imaginary.
Z+1)"+@Z-1)"=0 <222"+0xZ" +2n(2n-1)2""%+ ... +2=0

2"+ 0x2" +n@2n-1) "%+ ... +1=0

2n-1
Sumofroots= ) icot[ThL 2k7r):0 ,
n

k=0
2n-1
Sum of pairs of roots = Z {i cot(7t Jf“ﬂ{icot(n +n2mﬂ =n(2n-1)
k,r=0,k=r

2n-1 2 2n-1 2
OP12 + OP22 + ...+ OP2n2 = |:C0t[7.c + 2knj:| = _z |:iCOt(TC + 2knj:|

k=0 n

2n-1 2 2n-1
=_{ icot(n + 2knﬂ L9 Z [icot(n + anﬂ{imt(n + ZrTcﬂ
k=0 n k,r=0,k=r| n n

=-0°+2[n2n-1)]= 2n(2n-1).




11. (i) Following the discussion in 7(i) , taking 6 :% we combine conjugate factors :
[x —(cos®+isin®)][x —(cos0 —isin0)]=(x —cos6) —(isin 6)
=x? —(2c0s0)x +cos? 0 +sin?6=x> —(2c0s0)x +1=x* — (ZCOS%jX +1

X2 —1=(x -1)(x +1)ij111{x2 —(ZCOS%)X +1} e ()

2n+1

(i) Consider the equation x~"~—1=0, the roots are

X = (ciso)ﬁ:(cis 2kn)ﬁ:cis 2rm . r=0,1,...,2n.
2n+1

=1 or cisl = 2rm , r= 1,2,...,n.
2n+1
xz"”—l:(x—l)lﬂl X — Cis 2rm X — Cis| — 2rm :(x—l)ﬁ x? —2x cos 2 +1| ... (2
r=l 2n+1 2n+1 r-1 2n+1

n-1i

If x=0,from (1), x"(x" —x’”):[x(x—x’l)] I

r=1

{x(x +x1)- x(z cos%ﬂ divide both sides of by X",

n -n -1 nt -1 I
we have X" —x :(x—x )Hl X+ X" —2c0s— e (3)
r= n

. . _ _ _ (n- ey M _ rn
Divide (3) by x-x*, x”l+x”3+x”5+...+x(”3’+x("1):1'[(x+x1—2003—
r=1 n

n-1 n-1 n-1 n-1 2
Put x=1, n=IIl2- 2¢0s' " | = n= 2" T 1— coso™ | = n = 2" 11 2| sin? 2 | = 2209| [7] sin &
r=1 n r=1 n r=1 2n r=1 2n

rnﬂ2 1 g An

n-1,
:%:{E(sin% = [Isin—=

=2n 2™
12.  Consider the equation :  x*" —2x"cosn@ +1=0= (x“ )2 —(2cos ne)(x” )+1: 0

n0+2kr .. nO+2kn
+1sIn

X" =cosnd +/cos? n® —1 =cosnd * isinnd = x = (cosnd * isinnd)"" = cos

x:cos[e+2—knjiisin(e+2—knjwhere k=0,1,...,(n=-12)
n n

The corresponding conjugate factors :

e o2 {3 o oo 2] 2 2

n-1
x2" —2x”cosne+1:k1‘[0{xz—2xcos(e+&]+l} e (D)
= n

(i) Put x=1, 06=2a in(1),

n-1 n-1
2—2c0s2no = kHO{Z— 2005[20(+2—knﬂ = 4sin% no = g{4sin2(a+ﬁﬂ
Z n - n

n-1 2 n-1
= 2%sin’na = 22”{gsin2(a +MH =sinno=2"" I}‘Iosin(cx +ﬁ) e (2)
- n - n



13.

(i) From (2), Replace « byB'TOL and « by'3+TOL we get

sinnB'—na 2”1Hsm B e kn and sinM 2“Hsm B+O‘+ﬁ
2 n 2 2 n
Multiply these two identities and use compound angle formula to change it to a difference,

n-1
l(cosnoc—cosnB):Zz‘”’l)Hi cosa — CoS B+2—kn _puen LY H COSCL — COS B+2_k“
2 k=0 2 n 2" n

n-1
cosno. —cosnp =2"" I}_[O{COSOL - cos(B + z—knﬂ e 3
= n
. . = . kn
(iii) Take logarithm of (1), In(sinna)= In(2“‘1)+ In[sm(a +7D e (8
k=0
n-1
Differentiate (4) w.rt. o, - n__ { sin(a + knﬂ .. (B)
sinna. 3 n
n-1
cotna—lZcot(on—j oc;tr—
n n

n-1 n-1
(iv) Differentiate (5), —ncsc?no = 1 {— CSCZ(OL + Eﬂ = csc’na= iz p) cscz[oc + ﬁj az®
n k=0 n n% k=0 n

(i) Consider the equation:  x*" —2x"a"cosn@+a*" =0= (X”)2 - (Za” cos neXx” )+ a’" =0

. né+2kn . . nO+2kn
x" =a" cosn@ ++a’" cos’ nd —a*" =a"(cosnd + isin ne):x:a[cos +isin

n n

X :a{cos(e+2—kﬂ) |sm(e+&ﬂ where k=0,1,...,(n-1)

n n

The corresponding conjugate factors :

{x - a{cos[e + 2—kn] + isin(e + Z—knﬂ}{x - a{cos{@ + 2—kn] - isin(e + z—knﬂ} =x*- 2xacos(6 + 2—knj +a?
n n n n n

x?" —2x"a" cosnd +a*" h{x —2xacos(e+£j+a } e (D)
n

k=0

(i) Bytaking x=a=1, 6=2a in(1),

n-1 n-1
2—20052n0c=H{2—2005(2a+2—knﬂ35inna=2"lHSin(a+ﬁ] e (@)
k=0 n k=0 n
By taking x=a=1, 6=2a-7 in(1),
. i a1 n  kn nana T kn
sinnf a—— |=2 Hsm o——+— |=(~1)"2"" T cos| o +— e ()
2 2 n k=0 n

n-1 rm) 0t rt) sin’na 1 . T
E= Isin’|a+—|+Ilcos’| a+— |=—5——+——sin’na——
0 n r=0 n 2 2 2
=2 2

sin“na. €COS“ na 1

When n isodd, E= SRR =22n72=2“”




(iii)

(iv)

v)

i I
sin“no.  sin“ na 2 . P

—— + = sin?na, = 2" sin’ na
2 n-2 22ﬂ—2 22n—2

When n iseven, E-=

Take logarithm of (1)
n-1

In(x2n —2x"a"cosnd +a?" ): kZoln{x2 - 2xacos(e + 2—knj + az}
= n

2rm
naln " v X—acos| 6+ —
nx"Ix" —a" cosnod n

Differentiate and divide by 2, o — T (@)
X" —2x"a" cosnb +a = 2rm 2
X - 2xacos(9 + n} +a
Differentiate L.H.S. of (4),
(x> — 2x"a" cosn® +a*" J(2n — 1)nx>"2 —n(n — 1)a"x"2 cosnd]— 2nx"(x" — a" cosnd |f
(x> - 2x"a" cosn® +a*" |
Put x=a=1,
(2-2cosnB)|(2n —1)n —n(n —1)cosnd]-2[n(1 - cosnd)f’ _ [(2n —1)n — n(n —1)cosnb]— n?(L— cosno)
(2-2cosnd)’ - 2—2cosnd
2 2
_n*-n{l-cosn6) _ n n B

2(—cosnb)  2(l—cosnp) 2
Differentiate R.H.S. of (4),

2
- {xz - 2xacos(e - z:t) + az} - Z{X - acos(e + Z:TH
2 2
r=0
{xz - 2xacos(e + mj + az}
n
2 2rm\ |
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Equate (5) and (6), T
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In (i),take x=i, a=1 and n even, (subscript Kkisreplaced by rto avoid ambiguity)
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Put n=2k, 2-2(-1)cos2ke=2%(-1)*(-1) I1 {cos(e + %ﬂ :
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Replace 0 by (g + e) in (7) and note that cos(g + ocj =-sina,
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(vi) Put k=n in(8),
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Replace 9byl in (9),
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14. Each side of the polygon subtends an angle % at O.

Since /POAG=0, /POAc= 0+  where k=0,1,...(n-1).
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By 13 (i), x*" —2x"a"cosn6 +a*" = H{x - 2xacos(e + ﬁ) +a } therefore we have
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